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The Scattering of Light by Uniformly Curved Rods. 
A Model of Semirigid Rod Macromolecules 

Peter H. Verdier  
Institute for Materials Research, National Bureau of Standards, 
Washington, D.C. 20234. Received February 18,1977 

ABSTRACT: Uniformly curved rods may be used as a model of rodlike macromolecules which are not rigid enough 
to be straight rods in solution. The dependence of scattered light intensity upon scattering angle (form factor) has 
been obtained numerically for curved rods with angles of bend from 0 (straight rod) to 1 5 0 O .  The results have been 
used to synthesize “experimental” scattering data for rods with lengths from 1500 to 5000 A, over the range of scat- 
tering angles accessible to conventional light-scattering photometers. The errors incurred in extrapolation of the in- 
verse form factors to zero scattering angle are shown to be not excessive. Further, it is shown that in some circum- 
stances the ratio of the scattered intensities a t  two supplementary angles is a function primarily of the contour length 
of the rod and does not depend strongly upon the angle of bend. Measuring such a ratio therefore gives an estimate 
of contour length and, if the relation between contour length and molecular weight is known, of molecular weight. 

(I) Introduction 

Light scattering has long been used to obtain information 
about molecular weights and size and shape parameters for 
DNA and other macromo1ecules.l Ultrasonically sheared DNA 
fragments, with molecular weights of the order of 105-106, 
have also been studied by light scattering and other tech- 
n i q u e ~ . ~ ~ ~  Molecular weight and mean-square radius may be 
obtained in principle by appropriate extrapolation of light- 

scattering data to the limit of zero scattering angle. In practice, 
the range of scattering angle accessible to  conventional 
light-scattering photometers may not extend to sufficiently 
small scattering angles to permit reliable estimates of mo- 
lecular weight and mean-square r a d i u ~ . ~ , ~  Interpretation of 
the angular dependence of the scattering is further compli- 
cated by lack of knowledge of the shapes of DNA chains. Thus, 
although the wormlike chain6 is widely used as a model of 
DNA chains, agreement is lacking on the value of the model’s 
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Figure 1. Inverse form factors P-l(O) vs. w = sin2 812, for light of 
wavelength in solution 4090 A, scattered from uniformly curved rods 
of contour length 1500 A, plotted with vertical offsets V for angles of 
bend I#J as follows: (0 )  $J = 0' (straight rod), V = 0; (m)  I#J = 45', V = 
0.5; (A) $J = 90°, V = 1.0; ( + )  $J = 135', V = 1.5. The straight lines are 
visual estimates of the limiting linear behavior at small scattering 
angles, which are used to estimate molecular weight and mean-square 
radius. 

- 
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Figure 3. Inverse form factors for uniformly curved rods of contour 
length 5000 A. The assumed wavelength of light, the vertical offsets, 
and the notation are the same as those in Figure 1. 
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Figure 2. Inverse form factors for uniformly curved rods of contour 
length 2500 A. The assumed wavelength of light, the vertical offsets, 
and the notation are the same as those in Figure 1. 

characteristic stiffness parameter (persistence length) for 
DNA,4,5,7 and the model itself may not be suitable for the 
shorter DNA fragments, whose persistence length in the 
wormlike chain model would be of the same order of magni- 
tude as the contour length of the chain. In addition, calcula- 
tions of the angular dependence of the scattering from the 
wormlike chain have either required the use of approximate 
distributions in intrachain separations~g or been limited to 
persistence lengths less than or equal to the chain contour 
length.1° 

In this paper, we report the results of calculations of the 
angular dependence of the scattering of light from uniformly 
curved rods, i.e., circular arcs. While a uniformly curved rod 
is a t  best an imprecise model of the instantaneous shape of a 
semirigid rod such as a short DNA fragment in solution, it may 
well be as good a model as the wormlike chain for this purpose, 
and its scattering behavior can be calculated exactly for angles 
of bend as close to zero (the straight-rod limit) as desired. We 
first demonstrate the close agreement between the results 
obtained for the curved rod and for the wormlike chain when 
the contour length equals the persistence length. In order to 
estimate the extrapolation error inherent in the analysis of 
light-scattering data obtained for curved rods, we exhibit 
synthesized "experimental" data for arcs of various curvatures 

and contour lengths and estimate the extrapolation errors to 
which they give rise. We then report an apparent simplicity 
in the scattering at  large angles which suggests the possibility 
of estimating the contour length of curved rods directly from 
the angular dependence of the scattering. Finally, we discuss 
the estimation of a persistence-length parameter for a curved 
rod from its contour length and mean-square radius. 

(11) Method 
For sufficiently dilute solutions, the angular dependence 

of the scattering from solute molecules may be expressed1* in 
the form: 

Kc/Rt = [ L V P ( O ) ] - ~  (1) 
where the Rayleigh ratio Rt is an experimentally accessible 
quantity proportional to the intensity of light scattered 
through an angle 0, K contains the angular dependence due 
to system geometry and polarization but not that  due to the 
size and shape of the scattering species, M is the (weight- 
average) molecular weight of the solute, c is the concentration 
(weight solute per unit volume solution), and the form factor 
P ( 0 )  is normalized to approach unity in the limit of zero 
scattering angle. In this dilute-solution limit, P(0)  is given 
by 

P ( 0 )  = ((sin ui j ) /ui j )  ( 2 )  

where vi, = 4xrij sin (0 /2) /h ,  X is the wavelength of the incident 
radiation in the solution, rij is the distance between scattering 
centers i and j in the solute molecule, and the angular brackets 
denote the average over all pairs i and j and all possible ori- 
entations of the solute molecule. 

A t  sufficiently small scattering angles, the reciprocal of P(0) 
may be expanded in a Taylor series in uij: 

P-'(O) = 1 + l/e(uij2) + .  . 
(3) = 1 + 1/6(4~/X)~(rij*) sin2 012 + . . . 

= 1 + 1/3(4x/X)p2 sin2 012 + . . . 
where the mean-square radius p2 is just half (ri j2).  Thus as 
the scattering angle approaches zero, a plot of KcIRO vs. sin2 
012 approaches a limiting value of 1/M and a limiting slope 
proportional to the mean-square radius of the solute macro- 
molecules. 

Form factors P(0) and their reciprocals were calculated as 
functions of 0 for rods of various contour lengths and angles 
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Table I 
Results of Visual Extrapolation of the  Form-Factor Plots Shown in Figures 1 - 3 O  

Apparent % error in 
emax,  P-'(0) True Apparent P-l(O) from apparent values of 

L ,  '4 4, deg deg at 0max P ,  A P ,  A intercept P M 

1500 0 144 1.6 433 463 0.99 7 1 
45 144 1.6 429 453 1.00 6 0 
90 144 1.5 416 437 1.00 5 0 

135 144 1.5 395 426 0.99 8 1 
2500 0 106 2.2 722 772 0.99 7 1 

45 106 2.2 714 778 0.98 9 2 
90 60 1.4 693 734 0.99 6 1 

135 53 1.3 658 699 0.99 6 1 
5000 0 41 1.9 1443 1550 0.99 7 1 

45 41 1.9 1249 1558 0.98 9 2 
90 47 2.1 1385 1575 0.95 14 5 

135 60 2.7 1317 1533 0.95 16 5 

a For curved rods of contour length L and angle of bend 4, for scattering angles 0 in the range 29" 5 0 5 8, x, where Omax is the largest 
scattering angle for which the plot appears linear. The wavelength X of light in the solution is taken as 4090 A. The apparent molecular 
weight M is inversely proportional to the zero-angle intercept I of the limiting straight line, and the root-mean-square radius p (radius 
of gyration) is related to I and the limiting slope S by p = (3S/Z)1"%/(4~). 

4'- 

L 100" 150" 
'0 50" 

Figure 4. Ratios P(3Oo)/P(15O0) from Table 111, plotted as a function 
of angle 4 of bend, for contour lengths L of 1500,2500, and 5000 A. 

of bend. At each value of 0, P(0)  was calculated from eq 2, the 
average being obtained by numerical integration. The com- 
putational details are given in the Appendix. The results ob- 
tained are given in the following sections. 

(111) Comparison wi th  t h e  Wormlike Chain  
Yamakawa and FujiilO (hereafter referred to  as YF) have 

calculated form factors for wormlike chains with contour 
lengths greater than or equal to the persistence length. In 
order to compare our results for the curved rod with theirs for 
the wormlike chain, we must first define a persistence length 
for the curved rod. The definition will of necessity be an ar- 
bitrary one, but since we wish to compare light-scattering form 
factors, i t  seems natural to define the persistence length of a 
curved rod through its mean-square radius. A curved rod is 
characterized by its contour length L and the angle 4 between 
its initial and final direction; its ratio p2/L2 of mean-square 
radius to the square of contour length is a function of 4. In the 
YF treatment, the shape of a chain is characterized by the 
ratio x of its contour length to  its persistence length. For a 
curved rod with a given value of p2/L2, we define x as the value 
for which the YF treatment gives the same value of p2/L2. 

For a wormlike chain, p2/L2 is given12 by 

p2/L2 = 2 x d 4  [exp(-x) - (1 - x + x 2 / 2 !  - x 3 / 3 ! ) ]  (4) 

Table I1 
Results of Extrapolations Similar to Those of Table I, but 

with emax Taken as the Largest Scattering Angle for 
Which P-l(O) 5 1.3 

L , A  4,deg 
1500 0 

45 
90 

135 
2500 0 

45 
90 

135 

Omax, deg 
81 
81 
89 
89 
47 
47 
47 
47 

True Apparent 

433 449 
429 444 
416 434 
395 414 
722 756 
714 749 
693 749 
658 694 

P?A P ,  A 
% error in 
apparent p 

4 
3 
4 
5 
5 
5 
5 
5 

The smallest value of x (least-flexible chain) for which form 
factors are tabulated by YF is x = 1, for which eq 4 gives p2/L2 
= 0.06909. For a curved rod, we can easily derive the rela- 
tion 

(5) 
which gives 4 = 136.38' for p2/L2 = 0.06909. The largest 
scattering angle 0 for which YF have tabulated form factors 
is given by 8 = 2 sin-' [1l1I2 X X/(8aL)],  where X is the wave- 
length of light in the solution. For example, for X = 4090 A, the 
wavelength of the green mercury line in water, and for a chain 
with contour length and persistence length both equal to 1410 
A, this maximum value of 0 is 45O, a readily accessible value 
experimentally. For this scattering angle, the wormlike chain 
form factor given by YF is 0.9393. For a curved rod with the 
corresponding angle of bend and scattering angle, the form 
factor was found from eq 2 to be 0.9392. This extremely close 
agreement is due in large part to the fact that  we are com- 
paring chains with the same mean-square radius, thus forcing 
agreement of the first two terms in the Taylor-series expan- 
sions for the form factor in the two models. In order to ex- 
amine the difference between the model-dependent parts of 
the form factors, we should therefore subtract 1 - 1/3[(4~/X) 
sin 0 / 2 ] 2 p 2 .  For the data we have assumed, this expression has 
the value 0.9367. Thus the model-dependent part of the form 
factor is 0.0026 for the YF treatment and 0.0025 for the curved 
rod. This difference of about 4% may be taken as a measure 
of the agreement between the two models for a chain with a 
contour length equal to its persistence length. 
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Table I11 
Ratios P(3Oo)/P( 150") of Light Scattered at 30 and 150" by Uniformly Curved Rods of Contour Lengths L and Angles of 

Bend d Shown. Takine the Wavelength of Lieht in the Solution to be 4090 A 
4, deg 

L.  A 0 15 30 45 60 75 90 105 120 135 150 
600 1.08 
1000 1.24 
1500 1.55 
2000 1.95 
2300 2.20 
2500 2.34 
2700 2.47 
3000 2.64 
3500 2.86 
4000 3.06 
4500 3.23 
5000 3.34 
6000 3.44 
7000 3.48 
8000 3.46 
9000 3.46 
10000 3.47 
15000 3.60 

1.08 
1.24 
1.55 
1.95 
2.20 
2.34 
2.47 
2.64 
2.86 
3.06 
3.23 
3.34 
3.44 
3.48 
3.46 
3.46 
3.47 
3.60 

1.08 
1.24 
1.55 
1.95 
2.20 
2.35 
2.48 
2.64 
2.86 
3.06 
3.24 
3.35 
3.45 
3.48 
3.46 
3.46 
3.47 
3.60 

1.08 
1.23 
1.54 
1.95 
2.20 
2.35 
2.48 
2.65 
2.87 
3.07 
3.24 
3.36 
3.46 
3.49 
3.47 
3.46 
3.47 
3.60 

1.08 
1.23 
1.54 
1.94 
2.20 
2.35 
2.49 
2.66 
2.88 
3.07 
3.25 
3.38 
3.47 
3.51 
3.48 
3.46 
3.46 
3.60 

Figure 5. Ratios P(3Oo)/P(15O0) from Table 111, plotted as a function 
of contour length L. A t  each value of L ,  the vertical bar shows the 
range of values of the ratio as the angle 6 of bend is varied from 0 
(straight rod) to 150'. 

t I  I 

Figure 6. Ratios P(45O)/P(135') from Table IV, plotted as a function 
of contour length L.  At each value of L ,  the vertical bar shows the 
range of values of the ratio as the angle 6 of bend is varied from 0' 
(straight rod) to 150'. 

(IV) Form Factor Extrapolation Errors 
Figures 1-3 show reciprocal form factors P-l(6'), calculated 

from eq 2 as previously described, for curved rods with contour 
lengths L of 1500,2500, and 5000 A, with the wavelength of 
light in the solution taken as 4090 A, and bending angles 4 of 
45,90, and 135O. The results for straight rods (4 = O'), which 

1.08 
1.23 
1.53 
1.94 
2.20 
2.36 
2.50 
2.67 
2.89 
3.08 
3.26 
3.40 
3.49 
3.52 
3.49 
3.46 
3.46 
3.61 

1.08 
1.22 
1.52 
1.93 
2.19 
2.36 
2.51 
2.69 
2.91 
3.09 
3.27 
3.42 
3.52 
3.54 
3.51 
3.46 
3.46 
3.62 

1.07 
1.21 
1.51 
1.92 
2.19 
2.36 
2.52 
2.71 
2.93 
3.11 
3.28 
3.44 
3.56 
3.56 
3.54 
3.47 
3.45 
3.63 

1.07 
1.21 
1.49 
1.91 
2.18 
2.37 
2.53 
2.74 
2.97 
3.13 
3.29 
3.46 
3.61 
3.58 
3.57 
3.48 
3.44 
3.62 

1.07 
1.20 
1.48 
1.89 
2.17 
2 37 
2.54 
2.71 
3.01 
3.15 
3.30 
3.47 
3.68 
3.62 
3.60 
3.52 
3.43 
3.62 

1.07 
1.19 
1.46 
1.87 
2.16 
2.36 
2.55 
2.80 
3.06 
3.20 
3.32 
3.48 
3.75 
3.69 
3.61 
3.57 
3.43 
3.62 

Table IV 
Uncertainty AL in Values of Contour Length L of Curved 

Rods Estimated from the Dissymmetry Ratios P(30°)/ 
P(150") and P(45")/P( 135"), and the Relative 

Uncertainties AL/L (%), Assuming the Wavelength of 
Light in the Solution is 4090 A 

Estimator 
P(30°)/P( 150') P(45')/P(135O) 

L , A  h L , A  ALIL,% AL,A ALIL,% 

600 39 6 95 16 
1000 120 12 100 10 
1500 120 8 130 9 
2000 100 5 90 5 
2300 40 2 33 1 
2500 40 2 53 2 
2700 100 4 180 7 
3000 260 9 
3500 500 14 
4000 440 11 
4500 330 7 
5000 540 11 

can of course be calculated directly, without the necessity of 
numerical integration, are also shown. Values of P-l(O) are 
given for 15 scattering angles 6' from 29 to 144', corresponding 
roughly to the angular range accessible to light-scattering 
photometers not specially designed to study small-angle 
scattering. 

For each of the form factors in Figures 1-3, the limiting 
straight-line behavior at  small angles was estimated visually. 
For plots of experimental values of Kc/Ro vs. sin2 812, an es- 
timate of molecular weight would be obtained from the zero- 
angle intercept of the limiting straight line, and an estimate 
of the mean-square radius would be obtained from the ratio 
of its slope to its intercept. Table I shows the values of root- 
mean-square radius (radius of gyration) p obtained from the 
straight-line estimates shown in Figures 1-3, together with 
the true values of p and the errors in M and p resulting from 
the straight-line estimates. 

Table I also shows the maximum scattering angles Om, for 
which P-l(O) appeared to be a linear function of sin2 $/2, and 
the corresponding values of P-l(Omax), which range from 1.3 
to 2.7. The condition P-l(Omax) I 1.3 has been used5 as a cri- 
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Table V 
Dissymmetry Ratios P(45")/P(135') of Light Scattered a t  45 and 135" by Uniformly Curved Rods of Contour Lengths L 

and Angles of Bend rj~ Shown, Taking the Wavelength of Light in the Solution to be 4090 A 
6, deg 

L ,  '4 0 15 30 45 60 75 90 105 120 135 150 - 

600 1.07 
1000 1.19 
1500 1.43 
2000 1.73 
2300 1.90 
2500 1.99 
2700 2.07 
3000 2.15 
3500 2.22 
4000 2.26 
4500 2.29 
5000 2.29 
6000 2.26 
7000 2.28 
8000 2.31 
9000 2.34 

10000 2.34 
15000 2.37 

1.07 
1.19 
1.43 
1.73 
1.90 
1.99 
2.07 
2.15 
2.22 
2.26 
2.29 
2.29 
2.26 
2.28 
2.31 
2.34 
2.35 
2.37 

1.07 
1.19 
1.43 
1.73 
1.90 
1.99 
2.07 
2.16 
2.23 
2.27 
2.29 
2.29 
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terion of the region in which to expect limiting linear behavior. 
The extrapolations were therefore repeated for rods of contour 
length 1500 and 2500 A, letting Omax be the largest scattering 
angle for which P-l(Oma,) 5 1.3. (For a contour length of 5000 
A, P-'(29O) is already greater than 1.3.) The values of p ob- 
tained from these extrapolations are given in Table 11, to- 
gether with their errors. 

(V) Dissymmetry Ratios 
The form factors obtained from the calculations of the 

preceding section at  large scattering angles appear to depend 
primarily upon the contour length of the rod and to be rela- 
tively insensitive to its angle of bend. We therefore investi- 
gated the possibility of using the ratio of the scattering a t  a 
large angle to the scattering at  its supplementary angle (a 
generalized dissymmetry ratio) as a measure of contour length. 
Ratios P(3Oo)/P(15O0) were calculated for rods of lengths from 
600 to 15 000 8, and for angles of bend from 0 (straight rod) 
to 150'. The results are given in Table 111. Figure 4 shows the 
data of Table I11 for three lengths, plotted as P(3Oo)/P(15O0) 
vs. 4. The relatively small variation of the ratio with 4 for a 
given contour length is evident. It also appears from Table I11 
that the ratio increases with increasing contour length up to 
about 5000 8, and then remains more or less constant. Figure 
5 shows the data of Table I11 for contour lengths up to 5000 
A, replotted to show the dependence of P(3Oo)/P(15O0) upon 
contour length. For each contour length, the vertical bar in 
Figure 5 shows the range of values of P(3Oo)/P(15O0) as 4 
varies from 0 to 150". I t  is clear that  for contour lengths be- 
tween 1000 and 5000 A, the ratio P(3O0)/P(15Oo) can be used 
to obtain at  least an approximate estimate of contour length. 
For macromolecules such as DNA, for which estimates of the 
ratio of contour length to molecular weight are available, 
molecular weight may therefore be estimated from the ratio 
of the scattering at  two angles, without the need for extrapo- 
lation to zero scattering angle or for determining the absolute 
scattering. Table IV shows the uncertainties in contour lengths 
estimated in this way, based on the range of the vertical bars 
in Figure 5 and the local slope of the smooth curve drawn (by 
eye) through them. 

The more usual dissymmetry ratio P(45O)/P(135"), fre- 
quently employed to estimate molecular size,l3 was also ob- 
tained for bent rods. The results are given in Table V and are 
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1.06 
1.16 
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2.40 
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2.37 
2.36 
2.33 
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2.24 
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1.05 
1.15 
1.36 
1.67 
1.88 
2.02 
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2.32 
2.46 
2.45 
2.40 
2.37 
2.36 
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plotted as a function of contour length in Figure 6. I t  will be 
seen that this ratio may also be used to estimate contour 
lengths of bent rods up to about 3000 8, but that  it ceases to 
be sensitive to contour length beyond this point. The uncer- 
tainties in contour lengths estimated in this way are given in 
Table IV. 

(VI) Estimation of Persistence Length  
In sections IV and V we showed that under some circum- 

stances it is possible to estimate the mean-square radius and 
the contour length of curved rods from the limiting small- 
angle scattering and ratios of large- to small-angle scattering, 
respectively. We now consider the possibility of using mean- 
square radius and contour length together to estimate per- 
sistence length. In principle, if we adopt the definition of a 
persistence length for a curved rod employed in section 111, 
we can obtain the persistence length of a chain for which p and 
L are known by solving eq 4 for x .  However, the right-hand 
side of eq 4 is a rather slowly varying function of x in the region 
0 5 x 5 2. For x in the region of I, a 5% error in p2/L2 gives rise 
to a 30% error in x .  In view of the expected errors in p and L 
given in Tables I1 and IV, it appears that a very rough estimate 
of persistence length is the best one can hope for. 
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Appendix 
For a uniformly curved rod of contour length L and total 

angle of bend 4, the expression in eq 2 for the form factor P(0)  
may be written in the form: 

j d z )  = sin z / z ,  = r/L, r is contour length along the rod, u = 
( L A )  sin 012, X is the wavelength of light in the solution, and 
0 is the scattering angle. 
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Table VI 
Light-Scattering Form Factors P(8) for Curved Rods with Total Angle of Bend 4, as a Function of the Variable v = 
(L/X) sin 8/2, where L is Contour Length, X is the Wavelength of Light in the Solution, and 8 is the Scattering Angle 
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The form factors given in this paper were evaluated by 
numerical integration of eq A1 on a digital computer, using 
single-precision floating point (27-bit fraction) arithmetic. 
The integrals were approximated with Simpson's rule, using 
1000 intervals. 

Four checks were made of the calculated form factors, as 
follows: 

1. The calculated values of P(0) were compared with unity. 
The maximum difference found was 4 X 10-6. 

2. For a straight rod, the right-hand side of eq A1 reduces 
to Si(4au)/(2au) - j o2(2au) ,  where Si(z) is the sine-integral 
function. Calculated values of P(0)  for 4 = 0 were compared 
with values hand calculated from tabulated14 values of Si ( z )  
and j&), for selected values of u from 0.1 to 0.8. The maxi- 
mum difference found was 4 x 10-6. 

3. Selected calculations of P(0)  were repeated using 500 
intervals and 2000 intervals in the numerical integrations. The 
maximum changes in P(0)  were 4 X IOw6. 
4. Selected calculations of P(0)  were repeated using dou- 

ble-precision arithmetic. The maximum changes in P ( 0 )  were 

I t  is clear from the form of eq A1 that for a given value of 0 
the form factor is a function only of the variable u. As a matter 
of convenience, the calculations reported on the body of this 

4 x 10-7. 
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paper were carried out for the values of u corresponding to the 
cited values of L ,  A, and 0. Results a t  other values may readily 
be obtained from Table VI, in which P(0) is given as a function 
of u and 8 for values of u from zero to 4 and angles of bend from 
zero to 150'. 
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